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Abstract. The geometric small property (Borho-MacPherson IBM ) of pro- 
jective morphisms implies a description of their singularities in terms of in- 
tersection homology. In this paper we solve the smallness problem raised by 
Nakajima N8 N6 for certain resolutions of quiver varieties |N8| (analogs of 
the Springer resolution) : for Kirillov-Reshetikhin modules of simply-laced 
quantum affine algebras, we characterize explicitly the Drinfeld polynomials 
corresponding to the small resolutions. We use an elimination theorem for 
monomials of Frenkel-Reshetikhin g-characters that we establish for non nec- 
essarily simply-laced quantum affine algebras. We also refine results of |He4| 
and extend the main result to general simply-laced quantum affinizations, in 
particular to quantum toroidal algebras (double affine quantum algebras). 
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PROBLEME DE PETITESSE POUR LES ALGEBRES AFFINES 
QUANTIQUES ET LES VARIETES CARQUOIS 
RESUME. La propriete geometrique de petitcssc (Borho-MacPherson BM ) 
des morphismes projectifs implique une description de leurs singularites en ter- 
mes d'homologie d'intersection. Dans cet article nous resolvons le probleme 
de petitesse pose par Nakajima N8 , N6 pour certaines resolutions de varictcs 
carquois |N8| (analogues de la resolution de Springer) : pour les modules de 
Kirillov-Reshetikhin des algebres affines quantiques simplement lacees, nous 
caracterisons explicitement les polynomes de Drinfeld correspondant aux resolutions 
petites. Nous utilisons un theoreme d'elimination pour les monomes des 
q-caracteres de Frenkel-Reshetikhin, que nous etablissons pour les algebres 
affines quantiques non necessairement simplement lacees. Nous raffinons egalement 
des resultats de |He4| et etendons le resultat principal aux affinisees quantiques 
generales simplement lacees, en particulier aux algebres toroi'dales quantiques 
(algebres quantiques doublement affines). 
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1. Introduction 



Borho and MacPherson introduced [BM, Section 1.1] remarkable geometric prop- 
erties (smallness and semi-smallness) for a proper algebraic map tt : Z — ► X where 
Z, X are irreducible complex algebraic varieties : for a finite stratification of X 
into irreducible smooth subvarieties, it is said to be semi-small if the dimension of 
the inverse image of a point in a stratum is at most half the codimension of the 
stratum, and it is said to be small if moreover the equality holds only if the stratum 
is dense. These properties does not depend of the stratification. 
This geometric situation is of particular interest as the Beilinson-Bernstein-Deligne- 
Gabber decomposition Theorem [BBDj is simplified |BM[ Section 1.5] and provides 
an elegant description of the singularities of such maps in terms of intersection 
homology sheaves [GM1| IGM2] . A fundamental example of a semi-small morphism 
is given by the Springer resolution of the nilpotent cone of a complex simple Lie 
algebra, and the corresponding partial resolutions [BM . Nakajima [N1HN2] defined 
important and intensively studied varieties called quiver varieties which depend on 
a quiver Q. They come with a resolution which is semi-small |N21 Corollary 10.11] 
for a finite Dynkin diagram (see |N5[ Section 5.2]). 

The graded version of quiver varieties are also of particular importance, for example 
for their deep relations with representations of quantum affine algebras (see |N8j ; 
the precise definition is reminded bellow). They also come with resolutions. A 
natural problem addressed in the present paper is to study the small property of 
these resolutions : in the present paper we address |N8[ Conjecture 10.4] (see also 
|N6| ) . Our study relies on the representation theory of quantum affine algebras. 
Let us also give the representation theoretical context for our study. 

In this paper q G C* is fixed and is not a root of unity. Affine Kac-Moody 
algebras g are infinite dimensional analogs of semi-simple Lie algebras g, and have 
remarkable applications in several branches of mathematics and physics (see |Kaj ) . 
Their quantizations U q {o), called quantum affine algebras, have a very rich repre- 
sentation theory which has been intensively studied (see [CP6 , DM] for references) . 
In particular Drinfeld Dr2 discovered that they can also be realized as quan- 
tum affinization of usual quantum groups U q {o). By using this new realization, 
Chari-Pressley ( 'I'd classified their finite dimensional representations : they are 
parametrized by Drinfeld polynomials (Pi(u))i<i< n where n is the rank of g and 
Pi(u) S C[u] satisfies P 4 (0) = 1 . 

A particular class of finite dimensional representations, called special modules, at- 
tracted much attention as Frenkel-Mukhin |FM] proposed an algorithm which gives 
their g-character (analogs of usual characters adapted to the Drinfeld presentation 
of quantum affine algebras introduced by Frenkel-Reshetikhin [FRj). Let us give 

(i) 

some examples : for k > 0, i G /, a 6 C*, the Kirillov-Reshetikhin module a is 
the simple module with Drinfeld polynomials 



(The qi are certain power of q, see section [3]). The Vi(a) = W{ a are called funda- 
mental representations. The fundamental representations [FM| , and the Kirillov- 
Reshetikhin modules |N7| IHe4j are special modules (this is the crucial point for the 
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proof of the Kirillov-Rcshctikhin conjecture). The corresponding standard module 

M[X§ a ) = VM^) ® V^aqf) ® ■ ■ ■ ® V^ag*" 1 ) 
is not special in general. 

The breakthrough geometric approach of Nakajima N3, N8] to q-characters of 
representations of simply-laced quantum affine algebras via (graded) quiver varieties 
led to remarkable advances in the description of finite dimensional representations 
: for example this approach provides an algorithm |N8j which computes the q- 
characters of any simple finite dimensional representations. Although in general 
the algorithm is very complicated, in some situations it provides a powerful tool to 
study these representations (for instance see |N7j ). 

From the geometric point of view, the natural notion of small modules appeared 
in the following way : the small property of modules |N8| is the representation 
theoretical interpretation of the smallncss of certain resolutions of (graded) quiver 
varieties mentioned above. 

A small module is special (but the converse is false in general). The representation 
theoretical interest of this notion is that all simple modules occurring in the Jordan- 
Holder series of a small module are special, and so can be described by using the 
Frenkel-Mukhin algorithm. 

A natural question is to characterize these small modules, and so the corresponding 
small resolutions. In particular, Nakajima ( |N8| Conjecture 10.4], |N6j ) raised the 
problem of characterizing the small standard modules corresponding to Kirillov- 
Reshetikhin modules. 

In this paper we solve this problem by giving explicitly the corresponding Drinfcld 
polynomials. 

The crucial point for our proof is an elimination theorem for monomials of q- 
characters, that we establish by refining our results of |He4] . Indeed it is easy to 
produce monomials that occur in a certain ^-character (for example see remark[3T6] 
bellow). But in general it is not clear if a given monomial does not occur in a q- 
character. The elimination theorem gives a criterion which implies that a monomial 
can be eliminated from the q-character of a simple module. Beyond the main result 
of the present paper (answer to the geometric smallness problem), we hope that 
this elimination theorem will be useful for other open problems in representation 
theory of quantum affine algebras. We already used it in a weak (non explicitly 
stated) form to prove the Kirillov-Reshctikhin conjecture |He4] . Moreover it is used 
in |He6j to study minimal affinizations of representations of quantum groups. 
Let us state the main result of this paper. It can be stated in a simple compact way 
by using the following elementary definitions (I — {1, • ■ • , n} is the set of vertices 
of the Dynkin diagram of g) : 

Definition 1.1. A node i 6 {1, ■ ■ ■ ,n} is said to be extremal (resp. special) if there 
is a unique j £ I (resp. three distinct j,k,l 6 I) such that C^j < (resp. C'ij < 0, 
Ci^ k < and C it t < 0). 

For i £ I, we denote by di the minimal d > 1 such that there are distinct 
i\, ■ ■ ■ ,id G I satisfying Ci jt i j+1 < and id is special (if there are no special vertices, 
we set di — +oo for all i £ I ). 

For example for g of type A, we have di = +oo for all i £ I. 
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For illustration, examples are given on the following pictures : 
Extremal node i : 

i 3 



Special node i : 




Distance d to a special node : 

10 12 




Theorem 1.2. [Smallness problem] Let k > 0, i E I, a e C* . Then M(X^J is 
small if and only if k < 2 or (i is extremal and k < di + I). 

Remark : the condition is independent of the parameter a G C*. 

In particular for g = sl 2 or g = sl 3 , all M(X^ a ) are small (it proves the cor- 
responding |N8[ Conjecture 10.4]). In general it gives an explicit criterion so that 
the smallness holds. On the geometric side, it characterizes the small resolutions 
mentioned above. 

Besides the statement of Theorem 11.21 is also satisfied for all simply-laced quan- 
tum affinizations U q (Q) (g is an arbitrary simply-laced Kac-Moody algebra, not 
necessarily semi-simple) , in particular for quantum toroidal algebras (double affinc 
quantum algebras). 

The general idea of the proof is first to establish the result for type A by using 
the elimination strategy of monomials explained above. We prove by induction 
on the highest weight that representations in a certain class are special. Then an 
argument allows to use the type A to prove the result for general types. 

Let us describe the organization of this paper. In section [5] we explain the 
geometric context of our results. In section [3] we give some background on finite 
dimensional representations of quantum affine algebras and g-characters. In section 
2] we recall from |N8j the definition of small modules and the geometric characteri- 
zation (Theorem l4.3p . We refine a Theorem of |N8j and give a more representation 
theoretical characterization (Theorem 14. 8ft . However this last result is not enough 
to prove Theorem 11.21 and technical work is needed in the next sections. The first 
point is the (representation theoretical) elimination Theorem (Theorem l5.ip which 
is proved in section [5]: it gives a condition which implies that a monomial does not 
appear in the g-character of a simple module. Additional technical results are also 
proved in section [3]: in particular the notion of thin modules (with ^-weight spaces 
of dimension 1) is introduced and studied. In section [SJ we complete the proof of 
Theorem 11.21 : first type A is discussed, and then the general case is treated. The 
proof of the result for general simply-laced quantum affinizations is also discussed. 

Acknowledgments : The author is very grateful to Hiraku Nakajima for having 
attracted his attention to the smallness problem, and to Olivier Schiffmann for 
useful discussions. 
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2. The geometric problem : small property and graded quiver 

varieties 

The geometric motivations and context of the results of the present paper have 
been explained at the beginning of the introduction. In this section we develop this 
discussion and define more precisely the involved geometric objects. 

2.1. Small property. Let us recall the notion of semi-small and small morphism 
maps in the sense of Borho-MacPherson [BMj for a proper algebraic map 7r : Z — » X 
where Z, X are irreducible complex algebraic varieties. 

We consider a finite stratification X = UiXi into irreducible smooth subvarieties 
such that Ttw-intA is a topological fibration with base Xj and fiber ■k^ 1 {x,i) where 
Xi £ Xi is a distinguished base point. 

Definition 2.1. |BM| 7r is said to be semi-small if for all i, 

2dim(ir~ 1 (#,)) < dim(X) — dim(Xi). 

7r is said to be small if n is semi-small and if 

(2dim(n^ 1 (x^) — dim(X) — dim(Xi) =^ dim(X) = dim(Xi)). 

In this case Xi is said to be relevant. 

Note that stratification X = UjXj exists ( |Ha[ IT ] ) and that the property of being 
semi-small or small does not depend of the stratification. 

When 7r is projective and Z is rationally smooth, this geometric situation is of 
particular interest as there is a very elegant description |BM[ Section 1.5] of the 
singularities of such maps in terms of intersection homology sheaves [GM11 IGM2] 
: by using [BM| Section 1.7] the decomposition Theorem of Beilinson-Bernstein- 
Deligne-Gabber [BBD , for u £ X, the cohomology groups -£P(7r _1 (it), Q) of the 
fiber 7t _1 (m) are given by explicit formula involving the intersection homology of 
the closures Xi of strata such that u £ Xi. The formula [BM, Section 1.5] can be 
expressed as a sum indexed by certain pairs {Xi , <$) where : 

Xi is a relevant stratum, 

u £ Xi, 

4> is an irreducible representation of the fundamental group %x{Xi) of Xi, 
4> occurs in the decomposition of the representation of TTipfj) on 
F 2dim ( 7r_1 ( x «))(7r- 1 (a; i ),Q) by monodromy. 

The case of small resolutions is remarkable, as the formula reduces to a single 
summand (and in this case the result is essentially given in |GM2j ). 
A fundamental example of semi-small morphism is given by the Springer resolu- 
tion T*B — * J\f of the nilpotent cone of a complex simple Lie algebra, and the 
corresponding partial resolutions [BM . 

Nakajima |N1| IN2| defined important and intensively studied varieties 9R(v,w), 
2Ro(v,w) called quiver varieties which depend on a quiver Q (see |N5[ |S] for recent 
reviews). They come with a resolution 

tt: Tl(v,w) -> Wl Q (v,w), 

which gives an analog of the Springer resolution. It is proved in |N2i Corollary 
10.11] for Q a finite Dynkin diagram type that tt is semi-small (see |N5I Section 
5.2]). 
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The graded version of quiver varieties 2JI'(V,W),9JIq(V,W) are also of particular 
importance, for example for their deep relations with representations of quantum 
affine algebras (see |N8| ). 

Let us recall the definition of these varieties : 

2.2. (Graded) Quiver varieties. This section is essentially contained in |N8j . 

Fix a Dynkin diagram and an orientation on this diagram. Let H be the set 
of oriented edges of the Dynkin diagram. For h £ H, m(h) (resp. out(/i)) is the 
incoming (resp. outgoing) vertex of h, and h is the same edge as h with the reverse 
orientation. We fix q : H — >• {1, —1} such that q(h) = —q(h) for any h £ H. 

Let V = ® ieI>aeC * V i<a (resp. W = ® ieI>aeC , W iia ) be a / x C*-graded vector 
spaces such that the V^ a (resp. Wi j0 ) are finite dimensional and for at most finitely 
many i X a, Vi, a ^ (resp. Wj, ^ 0). Consider for neZ: 

L'(V,W)W= Hom{Vi, a ,Wi, aq n), 

i£l,a£C 

E'(V,W)W= Kom(V oumia ,W Hh)>aq n), 

h£H,aeC* 

m*(v,w) =E*(F,y)[- 1 ] ®L'(W,V) [ - 1] ®L'(y,W) [ ~ 1] . 

The above three components for an element of M*(V, W) are denoted by B, a, (3 
respectively, the Hom(Vj 3Ut (; l ) a , VwM q-i )-component of B is denoted by Bi i a and 
we denote by oii ia , /3i >a the components of a, f3. Consider the map 

/i: M m (V,W) L'(V,V) [ ~ 2] 

denned by 

H ita (B,a,P)= ^2 q( h ) B h,a q -iB- ia +a iiaq -i/3 i<a , 

in(h)—i 

where /ij )0 is the (i, a)-component of /i. We have an action of Gv — Yii a GL(Vj j0 ) 
on M'(V 7 W) defined by 

(B,a,f3) i ^ g ■ (B,a,/3) = (g in (h)Mq-^B h . a g^ t{h)al g iiaq -ia iia , f3i, a g7,l)- 

The subvariety /i _1 (0) in M*(V r , W) is stable under the action. 

Let us denote by ^ _1 (0) s the set of stable points (B,a,f3) £ ^ _1 (0), that is to 
say satisfying the condition : if an / x C*-graded subspace S of V is £>-invariant 
and contained in Ker(/3), then S = 0. The stability condition is invariant under the 
action of Gy, so we may say an orbit is stable or not. 

Consider the following quotient spaces of /i _1 (0): 

m' (V,W)= t i- 1 (0)//G v , W(V,W) = n-\0) s /G v . 

Here / is the affine algebro- geometric quotient, the second one is the set-theoretical 
quotient. By N2, 3.18], there exists a natural projective morphism 

tt: Wl'(V,W) -> M'(V,W). 

For x £ /i _1 (0) s , ir(Gv-x) is the unique closed orbit contained in the closure of 
Gv .x. 

Here 9Jl*(V, W) is non singular and w can be considered as an analog of the Springer 
resolution. 
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A natural problem addressed in the present paper is to study the small property 
of such resolutions 7r : in the present paper we address |N8[ Conjecture 10.4] (see 
also [N6]l 

As our proof relies on the representation theory of quantum affine algebras, let us 
give some background about this subject : 

3. Quantum affine algebras and their representations 

In this section we recall definitions and results about the representation theory 
of quantum affine algebras. 

3.1. Cartan matrix and quantized Cartan matrix. Let C — {Cij)i<ij< n be 

a Cartan matrix of finite type. We denote I = {1, ■ ■ ■ ,n}. C is symmetrizable : 
there is a matrix D = diag(ri, • • • , r„) (r^ G N*) such that B = DC is symmetric. 
In particular if C is symmetric then D — I n (simply- laced case). 
We consider a realization ([), II, il v ) of C (see [BlIKa] ): f) is a n dimensional Q-vector 
space, II = {cti, • ■ • , a n } c h* (set of the simple roots) and II V = {a/, ■ • ■ , a^} C f) 
(set of simple coroots) are set such that for 1 < i,j < n, aj(<xf) — Ci.j. Let 
Ai,--- , A„ G f)* (resp. A^,-- - , A^ G t)) be the the fundamental weights (resp. 
coweights) : Ai(aJ) = a^AJ) — 5»j where 6i.j is 1 if i = j and otherwise. 
Denote P = {A G f|*|V« G I, A(a, v ) G Z} the set of weights and P+ = {A G P|V« G 
/, A(a/) > 0} the set of dominant weights. For example we have a%, ■ ■ ■ ,a n G P 
and Ai,-- - ,A„ G P + ■ Denote Q = Q) ieI Zcti C P the root lattice and Q + = 
Y,iei^ a t c Q- For A, G t)*, denote A > fi if A - fi G Q + ■ Let v : h* — > t) linear 
such that for all i G /, we have ^(ct;) = r^a/. For A,/i G f)*, A(z/(//)) = /x(f(A)). 
We use the enumeration of vertices of [Kaj . 

We denote qi = q Vi and for I G Z, r > 0, m > m' > we define in Z[g ± ] : 

^ = 7ff^'M« ! = M ? ^-i] 9 ---[i] 9) 

For a, 6 G Z, we denote q a+bz = {q Q+br |r G Z} and <f +bN = {q a+br \r G Z, r > 0}. 
Let C(z) be the quantized Cartan matrix defined by (i j G I): 

Ci,i(z) — z i + z i > Ci,j( z ) — [Ci,j]z- 

C(z) is invertible (see |FR| ) . We denote by C(z) the inverse matrix of C(z) and by 
D(z) the diagonal matrix such that for i,j G I, Dij(z) = Sij[r.i) z . 

3.2. Quantum algebras. 
3.2.1. Quantum groups. 

Definition 3.1. The quantum group U q (Q) is the <C-algebra with generators k t 1 , 
xf (i G I) and relations: 

r + — -I r ki fc i 

l X i i X i \ ~ ~' 
ft - 1i 

(xty- c ^- r xf(xfy =0 (fori^j). 

Qi 



E 



r=0—l-Ci 



(-1)' 



i -a 



1,3 
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This algebra was introduced independently by Drinfeld [Drlj and Jimbo (jj. It is 
remarkable that one can define a Hopf algebra structure on U q (q) by : 

A(fcf) = h ® fcj, 

A(x+) = xf <E> 1 + h <g> xf , A(x^) = xr ® fcr 1 + l ® #7, 

S{ki) = fc,; , >S(.x^~) = x~^ , S{x^ ) = A^#£ } 

e(fci) = 1 , e(z+) = 6(0:-) = 0. 

Let W g (f}) be the commutative subalgebra of U q (g) generated by the kf 1 (i G I). 
For V a i/ g (P))-module and oj £ P we denote by the weight space of weight w : 

K, = {« G ^|Vi G I, = qf° r) v}. 

In particular we have xf.V^ C K,± Qi . We say that V is W 9 (f))-diagonalizable if 
^ = ©uepKj (in particular V is of type 1). 

3.2.2. Quantum loop algebras. We will use the second realization (Drinfeld real- 
ization) of the quantum loop algebra U q (Cg) (subquoticnt of the quantum affinc 
algebra U q (g)) : 

Definition 3.2. U q (Cg) is the algebra with generators xf r (i G I,r G Z), kf' 1 
(i G I), hi <m (i G I, m G Z — {0}j and the following relations (i, j G I,r,r' G 
Z,m,m'eZ - {0};.- 



^2 ^ j r X a r k i 5 



j,r 3,r 



r -j- — -I c ^i : r+r f ^i,r+r' 

[ x i,ri x j,r'\ ~ "hi ~ ' 

ft - ?j 

~± T ± _ n ±Bi^ ± ± _ ±B{,j ± ± _ rfc ± 



E E (-!)" 

^^7reS 3 ^— 'fc=0— s v 



• ■ • r ± r ± ,r ± • • ■ =(1 



9i 

where the last relation holds for all i 7^ j, s = 1 — Cjj, a/^ sequences of inte- 
gers n, • ■ ■ ,r s . S s is £/ie symmetric group on s letters. For i £ I and m G Z, 
<?!> im G U q (Cg) is determined by the formal power series in U q (Cg)[[z]] (resp. in 
U q {C Q )[[z~']]): 

E ro > <±™ 2±m = k t™P(Ma - T 1 )E m ,> 1 ^'* ±m ')> 
and = for m > 0. 

U q (Cg) has a Hopf algebra structure (from the Hopf algebra structure of U q {o)). 
For Jc/we denote by U q (Cgj) C U q (Cg) the subalgebra generated by the a;f m , 
/ijj-mj 1 f° r * G J. U q (Cg,j) is a quantum loop algebra associated to the semi- 
simple Lie algebra Qj of Cartan matrix (Ck,j)*>je j. For example for i £ I, we denote 
U q (£gi) = U q {CQ{i}) ~U qi (£sl 2 ). 

The subalgebra of U q (Cg) generated by the ftj, m , /c^ 1 (resp. by the x ir ) is denoted 
±1 



by U q {Cfy (resp. W 9 (£fl) 
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3.3. Finite dimensional representations of quantum loop algebras. Denote 
by Rep(U q (£g)) the Grothendieck ring of (type 1) finite dimensional representations 
oiU q (£ 3 ). 

3.3.1. Monomials and q- characters. Let V be a representation in Rep(U q (£g)). The 
subalgebra U q {£\)) C U q (£$) is commutative, so we have : 

where : V y = {v G V\3p > 0,V* G I,m > 0, ((pf j±m - rf± m ) p .v = 0}. 
The 7 = (ji± m )i&i,m>o are called Z-weights (or pseudo-weights) and the V 1 ^ {0} 



are called /-weight spaces (or pseudo-weight spaces) of V. One can prove |FR| that 
7 is necessarily of the form : 



E 



± ±m = dcg(Q i )-dcg(fl I ) Q»(Mg t ^Rjjuqi) 

->o 7i ' ±m 9l Q i (uq i )R i (uqr i y 



where G C(u) satisfy Qi(0) = i?,(0) = 1. 

Consider the ring ^ = Zfy^]igj )a gc*- The Frcnkcl-Rcshctikhin g-characters mor- 
phism Xq IFRj encodes the /-weights 7 (see also |Knj ). It is an injective ring 
morphism : 

Xq : Rep(U q (£ e )) -> ? 

defined by 
where : 



XgOO = Y] dim(V 7 )m 



The m 7 are called monomials (they are analogs of weight). We denote by A the set 
of monomials of Z[Y i ± a ]i e i_ ae c- . For an /-weight 7, we denote V 7 = V m ~- We will 
also use the notation i v r = Y? r for i G I and r,p G Z. 

For J C I, x q is the morphism of g-characters for U q (£gj) C U q (£g). For a m 
monomial we denote Ui ia (m) G Z such that m = Hie/ aeC*^7a • We a ^ so denote 

w(m) = V\ u it a(m)ki , Ui(m) = u ia (m) , u(m) = } Ui(m). 

aec* ie/ 

m is said to be J-dominant if for all j G J, a G C* we have Uj^ a (m) > 0. An 
/-dominant monomials is said to be dominant. 

Observe that Xq>Xq can al so be defined for finite dimensional W g (£f))-modules in 
the same way. 

In the following for V a finite dimensional W g (£f))-module, we denote by A4(V) the 
set of monomials occurring in Xq(Y)- 

For i G /, a G C*, consider the analogs of simple roots for monomials : 

Ai t a =Y iaq -lYi taqi Yj a 

— lv-1 



ny-1 y-i TT y-i y-iy 

{j|C 3 , s = -2} {j\Cj,i=-3} 
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As the Ai >a are algebraically independent [FRj (because C(z) is invertible), for M 
a product of Af* we can define v^ a {M) £ Z by M = JJ ieI aG c*A a*'" ■ ^ e P ut 
« i (M)=E ae c^,a( M )and U (M)' = E^(M). 

For A G Q + we set u(A) = -A(A^ H h A^). For M a product of Afl, we have 

v(M) = «(w(A)). 

For m, m' two monomials, we write to' < m if m'mT 1 is a product of ^4~*- 

Definition 3.3. |FM| j4 monomial m G ^4 — {1} is said to &e right-negative if for all 
a £ C*, /or L = max{l G Z|3i € I,u iaq i(m) ^ 0}, we /iawe Vj G /, Uj aq h(rn) < 0. 

Observe that a right-negative monomial is not dominant. 

Lemma 3.4. [FMj For i G /, a G C*, j4^„ is right-negative. 

2) A product of right-negative monomials is right-negative. 

3) If to is right-negative, then ml < to implies that to' is right-negative. 

For J C I and Z G J, we denote the element of J- 7 obtained from Z by putting 
Y% = 1 for j i J. 

3.3.2. l-highest weight representations. The irreducible finite dimensional U q (CQ)- 
modules have been classified by Chari-Pressley. They are parameterized by domi- 
nant monomials : 

Definition 3.5. A U q (Cg) -module V is said to be of l-highest weight m G A if 
there is v G V m such that V = U q (CQ)~ .v and Vi G /, r G Z, xf r .v = 0. 

For m G A, there is a unique simple module L(m) of ^-highest weight to. 

Theorem 3.6. |CP6[ Theorem 12.2.6] The dimension of L(m) is finite if and only 
if to is dominant. 

For i G I, a£ C*, k > we denote X« = Ilfc' 6 {i,...,fc}^ i0 ^-»'+i- 

Definition 3.7. TTie Kirillov-Reshetikhin modules are the Wul = L(xj?'). 

For i G / and a G C* , Wj „ is called a fundamental representation and is denoted 
by V%(a) (in the case q = sfa we simply write Wk,a and V{a)). 

For to G Z[Y"i ia ]ig7 ia6 c* a dominant monomial, the standard module M(m) is 
defined [N3[ IVV| as the tensor product : 

M(m)= (g) (...<8 {(gtViiaq)®^^)® ((g V;(ag 2 )®W M) ® •••)■ 
aS(C*/g z ) ie/ iei 

It is well-defined as for i,j £ I and a £ C* we have V*(a) ® V}(a) ~ V,(a) <8> Vi{a) 
and for a' ^ ag z , we have Vi (a) (g> Vj (a') ~ Vj(a')<8)Vj(a). Observe that fundamental 
representations are particular cases of standard modules. 

Let g = s?2- The monomials mi = Xk uai , rn-i = Xk 2 . a2 are said to be in 
special position if the monomial m 3 = Jlaec* Y a max ' Ua ( m i)' u «( m 2)) j s f tne f orm 
to 3 = A"fc 3i£l 3 and ^ mi,TO3 7^ to,2. A normal writing of a dominant monomial 
to is a product decomposition m = n»=i •■■ L^~ k ^ a i sucn that for I ^ I', Xk u a t , 
Xk.,,a,i are not in special position. Any dominant monomial has a unique normal 
writing up to permuting the monomials (see |CP6l Section 12.2]). It follows from 
the study of the representations of U q {Csl 2 ) in [CPT1 ICP21 |FR] that : 
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Proposition 3.8. Suppose that g = sh- 

(1) Wk, a is of dimension k + 1 and : 

Xq (Wk, a ) = X k>a (l + A- q \(l + A~ q \_ 2 {l + ■ ■ ■ (1 + A- q \_ k )) ■■■). 

(2) V{aq 1 ^ k ) ® V(aq 3 ~ k ) <g> • • • ® V{aq k ^ 1 ) is of q- character : 

X k , a (l + A- q \)(l + A-^ 2 ) ■■■(! + A-^ k ). 

In particular all l-weight spaces of the tensor product are of dimension 1. 

(3) For m a dominant monomial and m = X^^i ■ ■ ■ X kim a normal writing we 
have : 

L{m) ~ Wk uai ®'--®Wk,,a r 

3.3.3. Special modules and complementary reminders. Let us consider analogs of 
cones of weights (for example used to define category O for affine Kac-Moody 
algebras) adapted to monomials : 

Definition 3.9. For m G A, D(m) is the set of monomials vn! € A such that there 
are mo = m, mi, • • • , = mf € A satisfying for all j G {1, • • • , N} : 

(!) m j = "i j i '„ ' ' ' Ai^qij where h e J -- r i >landai,---, a Tj € C* ; 
(2) for 1 <r < r , u ijt a T (mj-i) > \{r' e {1, • • • , rj}\a r > = a r }\ where r ,ij,a r 
are as in condition (1). 

The motivation for this definition comes from the two simple facts : 

for all to' G D(m), m' < m, 

if to' g D(m), then (D(to') c D(m)), 
and from the following result which gives a strong condition for a monomial to 
appear in a g-character : 

Theorem 3.10. |He5( Theorem 5.21] For V a finite dimensional l-highest weight 
module of highest monomial to, we have A4(V) C D(m). 

In particular for all to' g M(V), we have to' < to and the Vi >a (m! mT ), u(to'to _1 ) > 
are well-defined. As a direct consequence of Theorem 13. 10[ we also have : 

Lemma 3.11. For i G I, a G C*, we have (Xq(Vi(a)) - Y^ a ) G Z\Y^ aql ]j &I> i >0 . 

This last result was first proved in FM, Lemma 6.1, Remark 6.2]. 
The notion of special module was introduced in |N8j : 

Definition 3.12. A U q (Cg) -module is said to be special if his q-character has a 
unique dominant monomial. 

This notion is of particular importance because an algorithm of Frenkel-Mukhin 
[FM] gives the g-character of special modules. Observe that a special module is a 
simple ^-highest weight module (as each simple module occurring in the Jordan- 
Holder series of a representation contributes with at least one dominant monomial 
in the q-character). But in general all simple ^-highest weight module are not 
special. 

The following result was proved in N8, N7] for simply laced types, and in full 
generality in |He4] (see |FM| for previous results). It gives a remarkable example 
of a family of special modules and is the crucial point for the proof of the Kirillov- 
Reshetikhin conjecture : 
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Theorem 3.13. |He4[ Theorem 4.1, Lemma 4.4] The Kirillov-Reshetikhin modules 
are special. Moreover for m £ M-{Wha)' m ^ \ ^ m P^ es m < ^ka^iaq* ' 

Now let us recall a decomposition result of g-characters relatively to sub-Dynkin 
diagrams corresponding to J C / (Proposition I3.14p . This is the analog at the 
level of g-character of the decomposition of a simple representation in simple rep- 
resentations for the subalgebra U q (Cgj). This result will be intensively used in the 
following. 
Define 

: Z[(Af a r^] jeJ , aeC * -> Z[^ ] i6J , 06 c., 

the ring morphism such that /j,j((A^ a )^^ 7 ^) = A^ a . For m J-dominant, denote by 
L J (m~*^) the simple £/ g (£jjj)-module of Z-highest weight m^ J K Define : 

Lj(m) = mrittm^r^L'tm+W))). 
(Observe that from Proposition 13. 8[ we have explicit formulas for the L{;}(m) for 

i e I.) 

Proposition 3.14. |He3[ Proposition 3.1] For a representation V £ Rep(U q (Cg)) 
and J (Z I, there is unique decomposition in a finite sum : 

(1) X q (V)= J2 ^(m')Lj(m'). 

m' J-dominant 

Moreover for all ml J-dominant we have Aj(m') > 0. 

(In [Hc3] the Aj(m') > were assumed, but the proof of the uniqueness does 
not depend on it.) 
As a consequence : 

Corollary 3.15. Let m be a dominant monomial and ml such that 

(i) m! e M{L{m)), 

(ii) m! is J-dominant monomial, 

(Hi) there are no m" > m! satisfying m" G M.{m) and m! appears in Lj(m"). 
Then the monomials of Lj(mf) are in M(L(m)). 

Proof: From the last condition Lj(m') occurs in the decomposition of Proposition 
13.141 As the coefficients in this decomposition are positive, all monomials on Lj(m!) 
occur in x g (L(m)). □ 

Remark 3.16. In Corollarv [3l5\. we can start with m! — m, and then we use for 
m! monomials in Lj(m), and so on. This process gives inductively from m a set of 
monomial occurring in Xq(L(m)). 

4. Representation theoretical interpretation of the small property 
In this section g is simply laced. 

Originally the notion of small modules was given in terms of q, i-characters [N8 . 
We recall this definition and the relation [N8] with the geometric small property of 
Section [2] (Theorem S3J . 

Although the representation theoretical meaning of q, t-character is not totally 
understood (see |N4|, Conjecture 3.1.1]), the notion of small modules can be purely 
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algebraically formulated : we give an additional representation theoretical inter- 
pretation of the notion (Theorem 14. 8|) by refining a proof of |N8j (this provides an 
additional algebraic motivation for the study of the small modules). 
We also comment the main result of the present paper (Theorem 1 1 .2(1 . 

4.1. Definition of small modules and q, i-characters. The notion of small 
modules is related to the notion of q, i-characters defined in N4 , N8J. There are t- 
deformations of q-characters which can be purely algebraically defined (see [Helj for 
non-simply laced cases with a different approach including a purely algebraic proof 
of the existence). They are a very powerful tool as Nakajima proved they provide 
an algorithm which allows to compute the q-character of any simple representation. 

Consider the commutative ring y t — Z[V^ ja , Wi, a , i ± ]ie/,aec* • A monomial of y t 
is a product of Vi <a , W^ a . One says m' < m if m'm is a product of Vi. a - The 
<7, i-characters map Xq-t '■ Rep(W g (£g)) — v yt is a Z-linear map defined by three 
axioms in |N8j : 

1) the data of the image of Xq-t, 

2) a compatibility property of the tensor product with a certain twisted product 

on y t , 

3) for to £ Z[li !a ]i 6 / !ag c* a dominant monomial of y, the relation : 

X,, t (M(m))eM + Z^m' where M = [J W^ a a{m) . 

m'<M ieI,a£C* 

(Only the last axiom will be explicitly used in the following, and so we refer to |N8j 
for the details of the first two axioms). 

Let to be a monomial of 3^t- For i £ /, a 6 C*, one defines Wi ja (m), Vi^ a (m) > 

by m = ILe/.aeC* W ^,a %,a » and : 

Ui, a (m) = w iia (m) - v iiaq -i(m) - Vi >aq (m) +^C , i,jUj,a(w), 
d(m) = ^ (vi,aq(rn)u iia (m) +Wi >aq (m)vi ta (m)). 

i£l,a£C* 

We define a Z-linear map IT : y t — > y by (m is a monomial) : 
H(m)= n C (m) . *(*) = !■ 

It is clear that II is a ring morphism. 

A monomial to of 3^t is said to be dominant if II (to) is dominant. For to a dominant 
monomial of Jt, one defines M t (m) £ 3^ by : 

M t (m)=^>m( n ^T' a(m w^( n c s(m) )) e ^- 

Lemma 4.1. For m a dominant monomial, we have Tl(M t (m)) = Xq{M (TL(m))) . 

Proof: From the defining axioms of q, i-characters, the evaluation at t — 1 give 
q-characters |N8j . that is to say : 

ft(x g , t (M( J] Y^ {m) ))) = Xq{M{ J] Y^ m) ))= Xq (M(fl(m))). 
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As fi(t d{m) m(U ieI . ae c W i, a*' )) = 1» the result is clear - D 
For m a dominant monomial and m! < m a monomial, c m m '(t) G Zft*] is defined 
by: 

M t (m) = £ c m , m ,(t)i rf ( m 'V. 

m' <m 

Definition 4.2. |N8j Let m be a dominant monomial of y . The standard module 
M(m) is said to be small if for all dominant monomials m! , m" < m, we have 

Remark : Observe that in general there is no hope to have c m / jm //(t) € 
without assuming that m" is dominant. For example for g — sl2, we have 

X q ,t(M(W a )) = W a + W a V aq , d(W a V aq ) = , c Wa ,w a v aq = 1 i t^Zlt- 1 }. 

However M(W a ) is small (see Proposition 16.21 bellow) . 

4.2. Geometric characterization. The motivation for this Definition 14.21 comes 
from geometry N8 and from the relation to the small property of Section [2] : 

Consider the monomials mw, my £ 3^t defined by 

M w = [[ W ia y ' a ',m v = [[ V i>a 

As a consequence of the geometric construction of representations of quantum afhnc 
algebras, we have the following geometric characterization of small standard mod- 
ules (see (NU Remark 10.2]) : 

Theorem 4.3. |N8| Let m be a dominant monomial ofyt and W — aeC , Wi_ a 

be the graded space satisfying dim(Wi ia ) = u, l0 (m). The standard module M(m) 
is small if and only if for all V such that My/my is dominant, the resolution 
7T : m m {V,W) -> W Q (V,W) is small. 

4.3. Representation theoretical characterization. Let us give another char- 
acterization of small modules. 

Consider the Z-linear involution of y t defined by m = t 2d ( m 'm, t = i -1 . Observe 
that for m a monomial of y t , t diym ^m is invariant by the involution. 

In |N8j Nakajima constructed a family C{m) G 3^, indexed by the set of dominant 
monomial m of y t , characterized by the properties : 

i) C(m) — C(m), 

ii) C(m) e M t (m) + E {m > dom ^t\m'< m} t-'nt-'Wtim'). 

They are analogs of canonical bases in y for the bar involution, and the transition 
coefficient to the basis (M t (m)) m are analogs of Kazhdan-Lusztig polynomials. 
Nakajima proved [N8] the following deep result : 

Theorem 4.4. |N8| For all m dominant monomial ofyt, we have 

fl(£(m)) = Xg (i(n(m))). 

In particular this provides an algorithm to compute the g-characters of simple 
modules. It is very complicated in general, and it is difficult to get explicit formu- 
las from it, but it provides applications in situations where the algorithm can be 
simplified (for example see [N7]). 

As a consequence of this result, we have : 
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Theorem 4.5. [N8] Let m be a dominant monomial monomial of y . If M(m) is 
small, then for all dominant monomial m 1 < m, L(m') is special. 

In fact the converse is true by using the following two results : 

Theorem 4.6. |N8[ Theorem 3.5 (6)] For all dominant monomial to of 34, the 
coefficient of a monomial occurring in M t (m) is a Laurent polynomial with non- 
negative coefficients. 

Lemma 4.7. For M a dominant monomial ofyt, the set 
{M'\M' < M and M' is dominant} 

is finite. 

Proof: We can suppose that M G Z[li iag r] ie/ r(EZ where a G C*. Let K = max{r G 
Z\3i G I,u itaq r-(M) ^ 0}. For M' < M, M'M' 1 is right-negative so M' dominant 
implies Yli&i r>K v i,aq r (Af'M -1 ) = 0. It is proved in [Hel, Lemma 3.14] that the 
set 

{M 1 = MA-^ aqll ■ ■ ■ A-^ aglR \R > , h, ■ ■ ■ , l R < K,M' is dominant} 

is finite, and so we can conclude (note that in [Helj . h, ■■■ ,Ir < K is replaced by 
h, ■ ■ ■ ,Ir.>K, but the proof is the same). □ 
By using a slight modification of the proof of Theorem 14.51 in |N8j , we get the 
following characterization : 

Theorem 4.8. Let m be a dominant monomial ofy. M(m) is small if and only 
if for all dominant monomial ml < m, L(m') is special. 

Observe that it is a purely representation theoretical characterization of small 
modules involving g-characters, without q, i-characters. This provides an additional 
algebraic motivation for the study of the small modules : all simple module which 
could appear in the "cone of monomial" of a small module are special, and so can 
be described by using the Frenkel-Mukhin algorithm. 

Proof: The only if part is the statement of Theorem 14.41 Let us prove the if part. 
For m,m' dominant monomials of y t , we consider Z m m /(t) G Zfi*] defined by 

M t (m)= J2 Z m<m ,{t)C{m'). 

m' dominant 

By definition of C{m!) we have Z m ^ m (t) = 1 and Z mt7n >(t) G t _1 Z[i _1 ] for m! < to. 
If to' ^ to, we have Z m ^ m >(t) = 0. 

As M = TO(n ie/ . aeC * W^" 1 ^- 1 satisfies u i>a {M) = for any i £ I, a G C*, 
we can suppose that to = Yliei aec* ^i"a ,a ^ m ' ) . Suppose that for all dominant 
monomial to' < to, L(n(TO 7 )) is special. From Lemma 14.71 there is a finite number 
of dominant monomial to' < to. Choose a numbering mi,TO2, ••■ , to^t = to of 
these monomials such that m r < m r > implies r < r' . Denote by Z' m m f (t) the 
coefficients of m' r in C(m r ). As L{tl(m r )) is special, it follows from Theorem 14.51 
that Z' m m l (1) = 0. Let us prove by induction r that 

Vr" < r' < r , c mr ,. mr „(t) G r^t" 1 ] and Z'^ ^ Jt) = 0. 
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For r = 1, we have £(mi) = Mj(mi). Now we consider r > 1. By the induction 
hypothesis, for all r' < r, C(m r >) has no dominant monomial except m r /. So for 
r" < r, 

From Theorem 14.61 we have 

c mr ,™ r „(t) -iP+W+a + t- 1 ^-^- 1 ) 

where a > 0, P+,P- £ N[t]. As Z mrimr ,,(t) 6 f- 1 Z[*- 1 ] and ^^(t) = 
^^(r 1 ), we have 

^ r , ror „ (*) = ^ + (*) + a + t-'P+it- 1 ). 
So Z' m m n (t) has positive coefficients, so Z' m m n (1) = implies Z' m m n it) = 0. 
So Cm r! m „(t) — Z mriTn „(t) G i _1 Z[i -1 ]. As a conclusion, M{m) is small. □ 

4.4. Main result. A natural question is to characterize small modules and so 
the corresponding small resolutions. In particular, Nakajima |N8[ Conjecture 10.4], 
[N6| raised the problem of characterizing the Drinfcld polynomials of small standard 
modules corresponding to Kirillov-Reshetikhin modules. 

The main result of this paper is an explicit answer to this question (Theorem 
ll.2p . First let us note in general the standard modules corresponding to Kirillov- 
Reshetikhin modules are not necessarily small : 

Remark 4.9. Let g = sli and m = l2,i^2,g 2 ^2,<; 4 • Consider ml = mA~^ x q = 
^i,g^3,g^2,o 4 ■ Then by using the process described in remark \3.16\ the monomi- 
als Y \~ 3 Y~ I Yl 2 Y 9 „4 = m'A7 2 A7 2 and Yo n i — m'A~ 1 2 A~ 1 2 A~ 1 ^ occur in 

l,q d 3,q^ 2,q z l,q z 3,q z Ay l,q z 3,q 2 2,g J 

X q (L(m')) and L(m') is not special. So M{m) is not small. 

A crucial step for the proof of Theorem ll.2l is the elimination theorem proved in 
the next section. 

5. Elimination theorem and preliminary results 

In this section q is an arbitrary semi-simple Lie algebra. We prove several pre- 
liminary results so that we can prove Theorem 1 1.21 in the last section of the paper. 

5.1. Elimination Theorem. We have seen a (combinatorial) procedure which 
allows to produce monomials occurring in a g-character (remark I3.16[) . We first 
prove in this section a (representation theoretical) theorem (Theorem 15. ip which 
gives a criterion so that a monomial ml does not occur in the g-character of a simple 
modules L(m). 

This theorem is used in |He6] to study minimal affinizations of representations of 
quantum groups. 

5.1.1. Statement. 

Theorem 5.1. Let V = L(m) be a U q (Cg) -module simple module. Let m! < m 
and i G / satisfying the following conditions : 

(i) there is a unique i-dominant M 6 (A4(V) n m'ZL4^ a ] a6 c*) — { m '} an d ^ s 
coefficient is 1, 

r«;Er 6 Z<r(Vilf) = {0}, 

(Hi) m' is not a monomial of Li(M), 

(iv) if m" € M(U q (£Qi) .Vm) is i-dominant, then v(m"m~ 1 ) > t^m'm" 1 ), 
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(v) for all j ^ i, {to" e M(V)\v(m"m- 1 ) < virn 1 ) } n m'ZL4^] oeC * = 0. 
Then to' i M(V). 

To prove this result, we first need some preliminary lemmas. 

5.1.2. Technical lemmas. First let us consider a refined version of the operators 
tj of [FRJ which allows to study "independently" the subalgebras U q (CQi) of the 
quantum loop algebra. 

Let i 6 J, fij 1 = {|i £ f)|ai(/i) = 0} and be the commutative group of 
monomials generated by variables Y^ a [a G C*), k^ ((J, G Z^ c (J ^ i, c G C*). 
Let 

n : A -> i4W 

be the group morphism defined by (j 6 7, a G C*): 

The Pj.k(r) G Z are defined in the following way : we write C*(z) = where 

G Z[*±] and (U(«)C'(z)) Jlfc = E r6 zW,*(»'> r - 
Observe that we have v(Aj) — Sj^riO^ /2 G f)^ 1 because af(i/(Aj) — Sj^ay /2) = 
A j(na, y )-rAj = 0. 

This morphism was first defined |FM] , and then refined in |He4] with the terms 
k which will be used in the following. Moreover it is proved in |FM[ Lemma 3.5] 
(in |He2[ Lemma 20] with the term ko) that : 

Lemma 5.2. For j G /, a G C*, we have Tj(Aj ta ) = Yj aq -iYj,aqjko- 

This result indicates that the root monomials Aj^ a are sent to their analogs of type 
SI2, as announced above. 

The following result was proved in |FM[ Lemma 3.4] without the term k^, and in 
|He2[ Lemma 21] the proof was extended for the terms fc„. It gives a decomposition 
of a g-character "compatible" with the action of the subalgebra U q (£Qi) : 

Lemma 5.3. Let V G Rep(U q (Cg)) and consider a decomposition Ti(x q (V)) = 
J2 r p rQr where P r G Z\Y^ a ] a£C * , Q r is a monomial in I,[Zj >c ,kx]j^i tC£ c*,Xeh^ an ^ 
all monomials Q r are distinct. Then the U q (Cgi) -module V is isomorphic to a direct 
sum r V" r where Xqi^r) — Pr- 

The following result gives information on a cyclic U q (£$j )-submodule of a U q {Cq)~ 
module : 

Lemma 5.4. Let V G Rep(U q (£g)) be a U q {Cg) -module, to G M{L{m)) and v G 
V rn . Then for j G /, U q {Cgj).v is a sub-U g (Cf)) -module ofV and x q (JA q {Cgj).v) G 

Proof: From the relation [3.21 U q (Cgj).v is a sub-^/ 9 (£f))-module of V. Consider the 
decomposition Tj(x q (V)) — ^ r P r Qr of the Lemma 1531 and the decomposition of V 
as a U q (CQj)-modvile: V — ® r K- Then there is R such that Tj(m) is a monomial 
of PrQr, and so v G Vr. We have U q {Cgj).v c Vr. Let us write Tj(to) = t(irQr. 
It follows from |CM1[ Theorem 7.2] for U q {Cgj) ~ U qj (Csl2), that the q-character 
of the U q (C0j)-modvle U q (£Qj).v is included in TO fl Z[(Y j>9 -iY a9j .) ± ] QeC *- From 
Lemma [5~2l the g-character of U q {Cgj).v viewed as a W,j(£f))-module belongs to 
mZ[Afj aeC *. ' ' □ 
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In the s/2-case, the following Lemma produces a dominant monomial higher than 
a given monomial in a q-character (note that a weak version was proved in |He3| 
Lemma 3.2 (ii)]) : 

Lemma 5.5. Let L be a finite dimensional lA q {Csl2) -module. For p £ Z, let L p = 

S{AeP*|A(A v )> P } i A and L' p = J2 r ez x r - l p- Then f or m ' 6 M(L' p ) there is to £ 
M(L P ) such that 

(i) to is dominant, 

(ii) to' < to, 

(in) (U g (Csl 2 ).L m ) n L m , ± {0}. 

Proof: Let to' £ A4(Lp). Let us prove the result by induction on dim(L p ) : if 
L p = {0} we have L' p = {0}. In general let v be an ^-highest weight vector of L p 
(it exists, see for example the proof of |He2[ Proposition 15]) and denote by M the 
corresponding monomial. Consider V = U q (o).v. It is an ^-highest weight module 
and so it follows from Theorem |3~TU1 that (V m ^ {0} => to < M). If V m > ^ {0} 
the result is clear with to = M. Otherwise consider L^ — L/V. Observe that 
Xq(L) = Xq(V) + Xq{L^)- We use the induction hypothesis with L^ and we get 
to £ M((L^) p ) G M(L p ) such that to > to' and {U q {Csl 2 ).{L { ^) m ) n (£ (1) ) m - + 
{0}. Let v £ (L (1) ) m and a £ U q {Csl 2 ) such that av £ (L (1) ) m / - {0}. Let 
w £ v + V and consider the decomposition w = w m + w' where w m £ L m and 
w' £ © TO »j TO L m ». Consider v £ (L^^) m , we have w' and w m £ v + V. Then 
aw m =v' + v" £ L m / © V where 1/ ^ 0. As V' n = {0}, there is h £ £/ g (f)) such that 
haw m = hv' ^ and so we get the result. □ 
An analog result is available for general type : 

Lemma 5.6. Let V = L{m) be a U q (Cg) -module simple module and ml < to in 
M(L(m)). Then there is j £ I and M' £ M(V) such that 

(i) M' is j -dominant, 

(ii) M' > to', 

(Hi) M' £ m"L\A jjh ] he c , 

(w) ((U q (£g 3 ).V M ')n(V) m ,)^{0}. 

(A weak version of the following lemma was proved in the proof of Hc4 , Lemma 
4.4] with different notations). 

To prove this result, we need the following additional notations : for M £ 
we define fi(M) £ h^, Ui, a (M) £ Z, by : 

M 6 ^(M)II aeC . r "a' a(M)Z [ Z j t C ]^ l ,c eC .. 

We also set Ui(M) — ^2 ae ^Ui^a{M). Observe that for to £ A and a £ C* we have 
Ui, a (m) = Ui, a (n(m)) and : 

v(uj(m)) = fj,(Ti(m)) + Ui{m)riCt( /2 = ^(rj(rn)) + u l (rj(TO))r i a l v /2, 

or equivalently 

[i(n(m)) = v[u(m)) - a l (i/(w(TO)))a^/2. 

(See the definition of He2, Section 5.5].) Now let us prove Lemma [5T6l : 
Proof: For to" £ M{V) denote w(m") = v(u>(m") — uj(m)). Let 

W= V m ». 

{m" \ w{m") <w(m f )} 
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As V is an Z-highest weight module, there is j € / such that (U q (£Qj).W) m > ^ 
{0}. Consider the decomposition Tj(x q (V)) = J2 r ^ r Q r °f Lemma IQ1 and the 
decomposition of V as a U q (£,gj)-module: V = ® V r . 

For a given r, consider M r £ A4(V) such that Tj(M r ) appears in P r Q r . For 
another such M, we have /u(rj(M)) = fi(Tj(M r )) and so 

w(M A/,7 1 ) = uj (Tj (MM~ 1 ) ) a J /2, 

and 

Uj(T 3 (M)) = u^TjiMr)) - 2w(M) + 2w(M r ) = 2(p- w(M)) + p r , 

where p r = — 2p + 2u>(M r ) + Uj(rj(M r )) (it does not depend of M). So we have 
w(M) Ui(T,-(M)) > p r . So W = r ((F r )> Pr ) = r (F r n W). As V r is a 

sub Wq(£0j)-modules of V, we have = @ r {V r f\Wj). Let M £ and i? 

such that Tj(M) is a monomial of PrQr. We can apply Lemma [531 to the U q (CQj)- 
module Vr with p = p^ and the monomial Q~j^Tj{m) : we get m" £ .M(Vr) 
dominant such that Q^Tj(M) £ m"Z[(y i)a y i)ag 2)- 1 ] a£C . and ((W g (£fli).(Vk)m")n 
(Fj)q-i T; j(m)) {^}- Let us translate this result in terms of monomials of Xq{V)- 
Consider the j-dominant monomial M' — Tj(Qnm'). Then M' £ M{W) and 
(U q (£Qj).V M >) n V M {0}- From Lemma [5J2] we have M £ M'Z[Ajl} b<£C > ■ □ 

5.1.3. Proo/ o/ Theorem [5J[ Suppose that m' £ M(V). Let 

JF = W'. 

{M'<m\v(M'm- 1 )<v(m'm- 1 )} 

As V is an ^-highest weight modules, there is k £ / such that J2 reZ (x^ r -W) m ' ^ 
{0}. From condition (v) and Lemma 15.41 we have k = i. From Lemma 15.61 and 
condition (i), we have {V m < (~l U q {CQi)VM) i= {0}. Consider u £ Vm and x £ 
(U q (CQi).u (~i F TO ') such that a; ^ 0. From condition (ii), u is an highest weight 
vectors for U q (CQi), so x £ Caf^" r .it. By condition (hi), a; is in the maximal 

proper £/ g (£rji)-submodule of U q {CQi).x. By condition v(m'M _1 ) is maximal 
for this condition. So for all r £ Z, we have xf r (x) = 0. For j ^ i, r £ Z, it follows 
from Lemma T5. 41 that 2:^.(2:) £ © m " Gm 'z[A ±1 ] sc » Fn", and so from condition (v) 
we have x^ r {x) = 0. So U q (Cg).x is a proper submodule of V, contradiction. □ 

5.2. Other preliminary results. In this section, g is an arbitrary semi-simple 
Lie algebra. We prove additional preliminary results. 

5.2.1. q-characters of simple modules. 

Lemma 5.7. Let L(m\) , L(m2) be two simple modules. Then L(m\m,2) is a sub- 
quotient of L(mi) (g) L{m,2)- In particular A4(L(mim2)) C M(L(mi))A4(L(m2)) ■ 

This hrst part of the lemma is proved in [CP6J, and the second part is direct 
from [CPU EE]. 

As a direct consequence of Theorem 13.101 we have : 

Lemma 5.8. Let a £ C* and m be a monomial of Z[Yi. aq r] i<£ j r>Q . Then for 
m' £ M{L(m)) and b e C* ; (^(rn'm -1 ) + =► b e aq r * +N ). 
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(Observe that it also a direct consequence of Lemma T3. Ill as a simple module is a 
subquotient of a tensor product of fundamental representations.) 

The following result gives information on the sub W g (£g J )-module generated by 
an highest weight vector (the definition of Lj(m) and L J (m^^) were given in 
section [3.3.31) : 

Lemma 5.9. Let m be a dominant monomial and J d I. Let v be an highest 
weight vector of L(m) and L' C L(m) the U q {CQj)-submodule of L(m) generated 
by v. Then L' is an U q (Ct))-submodule of L(m) and Xq(L') — Lj(m). 

In particular for /x £ a>(m) — X)jej^ a i' we have 

dim((L(m)) M ) = dim((LV^ (J) ))^>), 
where fj,^ = E^/M^/H- 

Proof: It is clear that V = © |iea) ( m )_ s . 6jN . ai (i(m)) M . So it is an U q (£b)- 
submodule of L(m) and Xq(L') makes sense. Moreover Xq(L') £ mZ[Aj JjeJ.aeC* 
and m' G Ai(L') is uniquely determined by (m')^( J \ So it suffices to prove that 
L' ~ L J {m~~*( J )) as U q (CQj)-modn\e. As L' is an highest weight U q (Cgj)-module 
of highest weight monomial m~^( J \ it suffices to prove that V is simple. If it is 
not simple, there is w G L' n (L(m)) M where < w(m) and such that for all j G J, 
m G Z, x1- m .w = 0. But as L(m) is an highest weight module and the weight of L' 
are in u>(m) — X^eJ ^ a jt f° r weight reason we have : 

Vje(/- J) ,Vm6Z,4(l') = {0}. 
So U q (Cg).w is a proper submodule of L(m), contradiction. □ 

5.2.2. XTwn modules and thin monomials. Let us introduce the notion of thin mod- 
ule : 

Definition 5.10. A U q (£$) -module V is said to be thin if his l-weight spaces are 
of dimension 1 . 

In |He3[ Theorem 3.2], we proved that for g of type A, B, C, all fundamental 
representations are thin (this result was also proved later by a different method in 
CM2J. It should be also possible to check this result directly from the formulas in 
|KSj ). We will discuss in more detail the notion of thin modules in [He6j . but let 
us give some results that will be used in the present paper. 

Lemma 5.11. Let V be a U q (Cg) -module and m! G M.{V) such that there is i G / 
satisfying Min{ui^ a (m')\a G C*} < —2. Then there is M G M(V) such that 

M > m', 

M is i- dominant, 

Max{u itb (M)\b G C*} > 2. 

Proof: Consider Li (M) occurring in the decomposition of Xq (V) described in Propo- 
sition [5TH] and such that m! is a monomial of Li(M). Li(M) corresponds to the 
g-character x\{W) where W is a W g (£gi)-simple module, so subquotient of a stan- 
dard module. In particular m! appears in 



(2) 



M UiYr^l + Arlj)^^). 

aeC* 
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By hypothesis there is b £ C* such that Ui t b(m') < —2. As to' appears in the formula 
([2]), necessarily (1 + A^ q .) appears at least twice in $Z§, and so u ibq -i(M) > 2. 
Moreover by construction M > m! and M is ^-dominant. □ 

Definition 5.12. A monomial m is said to be thin if Maxi e i M( z<c*\ui ta (m)\ < 1. 

Lemma 5.13. Let V be a special module such that 

Max{u ita (m)\m e M(V),i eJ,o€ C*} < 1. 

Then V is thin. Moreover all m £ M(V) are thin. 

Proof: In |He3( Proposition 3.3], the first statement is proved for fundamental 
representations. The proof of the first statement of the Lemma is the same (x 9 (V) is 
given by the Frenkel-Mukhin algorithm, and so the property is proved by induction 
on the weight of monomials, see the proof of |He3[ Proposition 3.3] for details). 
Now consider to' £ M(V). If m' is not thin, there is i £ I and a £ C* such that 
Ui :a (m!) < —2. From Lemma [5.111 there is another monomial M £ Ai(V) and 
b £ C* such that Uifi(M) > 2, contradiction with the hypothesis on V, so m' is 
thin. □ 

Proposition 5.14. If V is thin then all m £ Ai(V) are thin. IfV is special and 
all to £ A4(V) are thin, then V is thin. 

Proof: If V is special and all to £ A4(V) are thin, then the hypothesis of Lemma 
15.131 are satisfied and so V is thin. 

For the first statement, suppose that V is thin and that there is a monomial of 
M(V) which is not thin. We can suppose there is m £ M(V), i £ I, a £ C* such 
that Ui ya (m) > 2 (in the case Ui ja (m) < —2 it follows from Lemma [5.111 that there 
is another monomial satisfying the condition with > 2). Consider L,(M) occurring 
in the decomposition of x<?(^0 described in Proposition 13.141 and such that m is 
a monomial of Lj(M). We can see as in the proof of Lemma [5.111 that there is 
b £ C* satisfying Ui t b{M) > 2. From the explicit description of simple modules in 

. —1 — U i bq r (M) 

Proposition ^ . 81 in the case s?2, the monomial MA i bq \\ r >o ^ f,r q .y+i occurs with 
multiplicity at least 2 in the q-character of the U qi (£s^2)-module L(M^W), and 
so it is not a thin module. As the coefficients in the decomposition of Proposition 
13.141 are positive, there is an I- weight space of V of dimension at least 2, and so V 
is not thin. □ 

Lemma 5.15. Let L(m) be a simple U q (Cg)-module and (m',i) £ A4(L(m)) x I 
such that 

all m" £ M.{L{m)) satisfying v(m"m ) < v(m'm ) is thin, 
ml is not i-dominant. 
Then there is a £ C* such that Ui. a (m') < and m '!A i -x £ M(L(m)). 

Proof: Consider Li(M) occurring in the decomposition of Xq (Y ) described in Propo- 
sition [ITHD and such that to is a monomial of Lj(M). From the first hypothesis M is 
thin. If Li(M) correspond to a Kirillov-Reshetikhin module of type s?2, the result 
follows from the explicit formula of Proposition 13.81 (1). In general Li(M) is also 
known from the explicit description of g-characters of simple modules in the s^2-case 
in Proposition l3.8l (3). and Lj(M) corresponds to a product of Kirillov-Reshetikhin 



22 



DAVID HERNANDEZ 



modules Li(M) = J\ k Wk- As M is thin we have moreover the following property 
: for mi appearing in Wk and m,2 appearing in Wk' , we have 

Ui, a (mi) ^ and u^ a (m2) ^ =>■ k = k' . 

And so the result can be reduced to the case of Kirillov-Rcshctikhin modules. □ 

Lemma 5.16. Suppose that q = sl n +\ and L(m) be a simple U q (Cg) -module. Let 
(to', i, a) G M(L(m)) xJxC* such that : 

all to" G Ai(L(m)) satisfying v(m"m~ l ) < ^(to'to -1 ) is thin, 

u it a(m') = -1. 

m/Yi a is dominant. 

Then there is M G M(L(m)) dominant such that M > ml and v n {m! A7 _1 ) < 1, 
Vxirn'M' 1 ) < 1. 

Proof: By using Lemma 15.151 we construct inductively a sequence of monomials 
of M(L{m)) starting with m'. Indeed as Ui_ a (m!) = — 1 we first get m! A i aq -i G 
M{L(m)) . Then from the property m'Y^ a dominant we have 

(ui- ltb (m' A iiaq -i) < or u i+1<b (m' A itaq -i ) < 0) => b = aq^ 1 . 

Then we use again Lemma T5.15I (i — 1, aq^ 1 ) and + aq^ 1 ) when it is possible. 
We get a monomial and we apply Lemma 15.151 with (i — 2, aq~ 2 ) and (i + 2, aq~ 2 ) 
when it is possible. We continue by induction until this is not possible, and we get 
a monomial : 

mi =m' (A i aq -i A^ l aq -2 ■ ■ ■ Ai^ag-i-c) 

x { A i+l, a q- 2A i+2,aq-z ' " " A i+0,aq-i-P ) € M[L(m)), 

where a, /3 > 0, i — a > 1, i + f3 < n. By construction mi is (7 — {i})-dominant and 
we have (^^(mi) < => 6 = aq~ 2 ). If a = or /3 = 0, mi is dominant and we take 
M = toi. Otherwise, we can suppose a > (3 (the case (3 > a can be treated in the 
same way). As at each step we get by construction thin monomials, we continue 
by induction, and for 2 < r < /3 + 1, we have 

m r =m r -i{A i aq i-2 r A l _ l aq -2 r ■ ■ ■ A l _ a+r _ l aq - a - r ) 

X (A+l,aq-^ A i+2 : aq-2r-i ■ • • A i+ p_ r+Xtaq -r-fl) £M(L(m)), 

and to,- is (7— {i}) dominant. Moreover to^+i is dominant, so we take M = m^+i. 
By construction we have M > to' and v n (m' M^ 1 ) < 1, v±(m' M^ 1 ) < 1. □ 

Lemma 5.17. Let q = sl n+ i and L(m) be a simple U q (Cg) -module. Let (m',j) G 
M(L(m)) x 7 such that 

all to" G A4(7(to)) satisfying v(m"m~ 1 ) < ^(to'to^ 1 ) is t/im, 

to' is (7 — {j}) -dominant, 

if j <n—l, then for all a G C* , (uj, a (m') < => Uj + i aq -i (to') > 0). 
Then there is M G A4(7(to)) dominant of the form 

M = m' Y[ ( A j,aq- lA j-l,aq- 3 --- A i a ,aq i "-i- 1 ), 

{aSC* |«j, a (m')<0} 

where for a G C*, 1 < « a < j. 

Proof: If j < n, the additional hypothesis (uj ia (m') < => Uj + i aq -i(m!) > 0) 
allows to use the result for 0{i,... n- So we can suppose that j = n. We prove 
the result by induction on n. For n — 1 the result is clear. In general, by using 
Proposition 13 . 141 we get toi G A4(L(m)) n-dominant such that ml is a monomial of 
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L n (mi). As mi > to' and v{mim~ l ) < P, we have by the explicit description of 
L n (mi) in Proposition 13. 81 : 

m'(mi) -1 = Yl Auaq-i- 

{aeC* \u n , a (m')<0} 

Moreover by construction : 

mi is {1, • ■ • , n — 2}-dominant, 

Va S C*. (u n - i, (mi) < =>■ (u„ i0g -i(mi) = 1 and «„-i,„(mi) = -1)). 
By Lemma 15 . 1 5 1 there is mi € M.(L(m)) which is {1, • • • ,n— l}-dominant and such 
that mi is a monomial of £{i,... ,n-i}( m 2)- Then by using the induction property 
f° r 0{i,- ' ,n-i} on m i monomial of ,n-i}(^2) ) we get the monomial M. □ 

6. Proof of Theorem 11.21 

In this section, g is simply-laced. We complete the proof of Theorem 11.21 : after 
a technical lemma on dominant monomials ( Lemma 16. ip . fundamental representa- 
tions (Proposition I6.2[) and standard modules of the form M(X^ a ) (Proposition 
16. 3|) are studied. Then the type A is discussed (Proposition 16 .4|) , and finally we 
give the proof of Theorem 1 1.21 for the general case. 

6.1. Dominant monomials. First let us prove some properties of dominant mono- 
mials lower than a monomial xjp . To do this, let us define the following number 
attached to the structure of the Dynkin diagram : for i, j £ /, we denote by d(i,j) 
the minimal d such that there is a sequence (ii, ■ ■ ■ ,id) £ I d satisfying i — ii, j = id 
and for all k G {1, • • • , d — 1}, C lk ^ k+1 = -1. 

Lemma 6.1. Let i £ /, a € C* ; k > and to — Xjp a . Let to' < m dominant. 
Then we have : 

m'rrT 1 € Z[A7^,] 3 - e/) j eZ , 

Vj e 1,1 E Z, v jjaq t (m'm -1 ) > => (d(i,j) + l-k<l<k-l- d(i,j)), 
Vj E I. Vjim'm^ 1 ) > =>• d(i,j) <k-l. 

Proof: The last statement in a direct consequence of the second statement. 
Let us prove that for any j 6 /, b G C* we have : 

v ii6 (m'm _1 ) + => 6 e o^-i-^jJ-n 

We prove this statement by induction on d(i,j). 

For d(i,j) = 1, we have j = i. Suppose that there is 6 G (C* — ag' c_2_N ) such 
that Vi^m'm ) > 0. Let L e Z maximal such that there is p S J satisfying 
VpfoL (to'to -1 ) > 0. We have 6g L ^ ag fe " 2 " N . As to' 7^ to, we have to' < to 
and m'm~ l is right negative. So u pbq L+i(m'm~ ) < 0. As moreover u pc (m) > 
implies c € a<7 fc-1-N , we have u p bq L+i(m') = u p (to/to -1 ) < 0. So to' is not 
dominant, contradiction. 

In general suppose that d(i,j) > 2 and that there is b € (C* — aq k ~^ ,, ^~ 1 ~ 1i ) such 
that Vj t b(m'm~ 1 ) > 0. If 6 ^ ag z , we can prove as in the previous case that m' is 
not dominant, contradiction. Otherwise let L maximal such that 

^2 Vp^im'm^ 1 ) > 0. 

{pel\d(i,p)>d(i,j)} 



24 



DAVID HERNANDEZ 



As Vj.b(m'm 1 ) > 0, we have L > k—l—d(i,j). Let P 6 / such that d(i, P) > d(i,j) 
and Vp taq L (m'm^ 1 ) > 0. We have 

«p,«,hi( n ri A p,') <o - 

{p£l\d(i,p)>d(i,j)} ceC* 

As u Paq L+i(m) — and m! is dominant, there is j' satisfying d(i,j') = d(i,j) — 1 
and Vj,_ aq L+i(m'm^ 1 ) > 0. But L + l > fc + 1 — d(i,j) = k — d(i,j'), contradiction 
with the induction hypothesis. 

In the same way we can prove that for any j G J, b G C* : 

Vj, bim'm- 1 ) £ => b G g-*+i-H»(<j)+N 
This implies the first two statements of the Lemma. □ 
6.2. Fundamental representations and k = 2 case. 
Proposition 6.2. All fundamental representations are small. 

Proof: Let i E I and a G C*. Then from Lemma 16.11 a monomial satisfying 
m' < Yi ia is not dominant. So Vj(a) is small. □ 

Proposition 6.3. Let i E I, a G C*. TTien M(X^) is small. 

Proof: From Lemma 16. 11 a dominant monomial m' < is equal to 

m' = xj»A£ = J] 

je/|c ii3 =-i 

Consider a monomial m" < m'. 

Suppose that there is j G /, 6 G (C* — ag z ) such that Vj^m' 1 '(m') _1 ) > 0. Let 

LeZ maximal such that there is p G J satisfying u p ^ (?7i"(m') _1 ) > 0. We have 

u pbq L+i(m") = u pbq L+i {m" {m')^ 1 ) < and so m" is not dominant. 

Otherwise let L G Z maximal such that there is p € I satisfying v paq L (m"(m') _1 ) > 

0. If L > 0, we can prove as in the previous case that m" is not dominant. Otherwise 

let L' < minimal such that there is p G / satisfying v paqL > (m"(m') _1 ) > 0. We 

have u pbqL ' -i{m") = u p hq L>-i (m"(m') _1 ) < 0, and so m" is not dominant. 

So L(m') is special and M^X^g) is small. □ 



Proposition 6.4. Let k > 1, i € I, a € C*. T/ien Af(X^) is smo/( i/ and onZi/ i/ 



6.3. Type A In this section g is of type A. 

Proposition 6.4. Let k '. 

(i = 1 or i = n or k < 2). 

In particular for g = s^2 or g = SZ3, all M(X^) are small. 
We prove this proposition in three steps : 

(1) we determine the dominant monomials m' such that m! < (Lemmaf 

(2) we prove that the corresponding simple modules are special (Proposition 

(3) we study the remaining cases (Lemma [ 



Lemma 6.5. Let k > 1, a G C* and m! < dominant. Then m' is of the form 
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where R > 0, i±, 12, • ■ ■ ,ir € I, h, hi • • ■ >Ir € Z satisfy for all 1 < r < R — 1 : 

l r +l ~ lr h- + V+l- 

Proof: Let m = ii,a^i,og 2 " ' ^1 ag 2 ^- 1 * an d rn' < m dominant. For i £ 1,1 £ Z, 
let us denote Uj,; = v iaq i{m'm~ r ) and u^; = u iaq i(m'). We denote i> n +i,z = 0. As 
m' is dominant, we have for 2 < i < n and ! £ Z : 

Vi,i-i + v it i + i < v t _ 1A + v i+ ij, 

Vl,l-1 + < 1 + U2,i- 

From Lemma [6TT1 for I < i — 1 or I > 2k — i — 2, we have i?^ = 0. Let us prove that 
for all i £ I, (v it i ^ =>• (Z S i + 2Z)). Indeed to" = H ieI t i ei+1+2 z ^^g 1 ' is ri S nt 
negative and for alii £ J, I € i + 2Z, Uij(m") = Uij(m'). So m" = 1. 

Let us prove that for all Z € Z we have u^; < 1, and for all rt > i > 2, Z £ Z 
we have < We prove the result by induction on eZ = Z — i > 0. First 

suppose that d = 0. First we have V\,i < — i?i — 1 + 1 + t>2.i = 1- For i > 2, 
Vi,i < — ^^-2 + + = Now consider a general cZ > 0. First 

we have Ui,i+<j < 1 + V24 — vi.d-i- But by the induction hypothesis, V2,d < vi,d-i- 
So < 1. For i > 2, v i:i+d < (v i+ i td +i-i ~ v^+i-2) + But by the 

induction hypothesis, - «i,c2+i-2 < 0, and so v l , i+d < Wj-i^+i-i- 

In particular for all i € I, I € Z, Vij < 1. 

In the same way, for all n > i > 2, u,*^ < fi-i^+i. Let n > i > 2. We have 
proved u,*,; < Min^i-i^-ijVj-i^+i, 1}. In particular 

(«u = 1 =>• = = 1). 

Moreover if Vij-i = ify+i = 1, we have 2 = u^j-i + < Uj+^j + and so 

u<+i,i = = 1. So 

As a conclusion, this can be rewritten in the following way. m'm -1 is of the form : 

to'to -1 = B Pi j 1 B P2 j 2 ■ ■ ■ B PR j R , 
where R > 0, n - 1 > pi, ■ ■ ■ ,p R > 0, /1, •• • JrEZ, 
b pJ ={A l aq j- P A l aq s+2- P ■ ■ ■ A l aq f+ P ) 

X (^2,a 9 / + 1 -P^2,a 9 /+ 3 -P 1 ' ' ^2,a g /+P-0 1 ' ' (^p+l,aqf)j 

fi - Pi € 1 + 2Z, /i - pi > 1, / fl ^ + p R < 2k - 3 and fi+Pi + i< f i+1 - p. l+1 . 
If p < n — 2, we have 

-Z?p,i = (^l t q/-p-l ^l,q/-P+l )^p+2 : ag-'' > 

and we have 

B n -i,i = Y 1(J 1 / _„y ii<3 1 / _„ + 2 • • ■ Y 1:q f+ n - 
So we get the result. □ 

Proposition 6.6. Let m = 5^ 1>ag ii ^,0^2 ■ • - Y iRjaq i R where R>0, h,i 2 , ■•• ,iR& 
I, Zi, Z2, — , Ir G Z satisfying for all 1 < r < i? — 1, Z r+ i — Z r > i r + i r +i. TZien : 
For to' e M(i(m)), if v lR aq i R -i(m') > 1 ZZien u iRiQ3 ! R +i (m') > 1. 

(2) L(m) is special. 

(3) L(m) is thin. 
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To prove this Proposition, we will need the following direct consequence of the 
results in |FM| : 

Lemma 6.7. Let V be a fundamental representation of a quantum loop algebra 
lA q {CQ) and let Yi ja (resp. Y~^ ) be the highest (resp. lowest) weight monomial of 
Xq(V)- Then we have : 

X q (V)eY ha (l + Arj q (l+ ]T A- 1 feg2 .Z[A J ;|] /eJid6C ,)), 

{fcei|Ci,fc=-i} 

Xq(V) G Yr b 1 (i + A jM -i(l+ ^2 A kM -2.Z[Ai, d ]i e i, deC *))- 

{kei|Cj,fc=-i} 

Proof: As V is special, we can use the algorithm proposed by Frenkel-Mukhin |FM] 
to compute Xq(V) ( see [EM, Section 5.5] for details) : we start with Yi >a . Then we 
get Yi, a A^l q with multiplicity 1 as Lj(Yi, ) = Y l<a + Yi. a A~^ aq . As 

Yi,a,A iaq — Y iaq2 J^J Yk t aq, 

{kei\c ilk =-i} 

the next step of the algorithm gives the monomials Yi^ a A~\ q A'^ x aq - 1 with multiplicity 
one, and then inductively the other monomials occurring in Xq^Y) are lower then 
these monomials. 

The second statement is obtained by the duality stated in [FM, Proposition 
6.18] (by replacing the Yi iaq n by K~ _„, we get the g-character of a fundamental 
representation). □ 

Now let us prove Proposition 16.61 : 
Proof: Let us denote (1^) (resp. (2r), (3^)) the condition that the statement 
(1) (resp. (2), (3)) of the Proposition is satisfied for any R' < R. We prove by 
induction on R simultaneously that (1r), (2r) and (3r) are satisfied. For R = 
this is clear. 

Now we prove the following for R > 1 : 

• ((lfl-i) and (2h_i) and (3i?_i)) implies (1 R ), 

• ((1 R ) and (2 fl _i) and (3 fl _i)) implies (2 R ), 

• ((1r) and (2 R ) and (3^_i)) implies (3r). 

Let us start with : ((1r) and (2_r_i) and (3^_i)) implies {2r). 
By Lemma 15.71 

M(L(m)) C (mY-i aqlR M(V iR (aq 1 *))) U (M(L(mY.^ aglR ))Y iRtaqlR ). 

As all monomials of mY7 x , (Xa(Vi n ( a Q lR )) — Y, „„i R ) are lower than mAT 1 , 
(Theorem 13. 13|) which is right-negative, they are not dominant. Consider m! G 
{M{L{mY-^ aqlR ))Y lRaqlR ~{m}). If v lRaq i R +i (rn'm^ 1 ) > 1 or « iR , ag i R -i (rn'm^ 1 ) > 

1, it follows from the (1^) that m! is lower than mA~ 1 aqlR+1 which is right-negative, 
so m! is not dominant. We suppose that 

V lR ,aq l R- 1 { m ' m ^ 1 ) = ViRtaq'R + ^i 171 '^ 1 ) = 0- 

So we have u iRtaq i R (m'Y7^ aqlR ) > 0. By (2 R _i), the monomial m'Y~^ H G 
MIHmT' 1 ^^)) is not dominant. So there is i G /, G C*, such that (i,6) ^ 
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(iR,aq lR ) and u,-^ (m/]K~ lR ) < 0. As Ui,6 i R ) = Uifi(m'), to' is not dom- 

inant. So (2r) is satisfied. 

Now let us prove : ((1_r) and (2r) and (3r_i)) implies (3^). 
From property (2/j) and Proposition 15.141 it suffices to prove that all monomials 
of A4(L(m)) are thin. Suppose that there is a monomial in M(L(m)) which is 
not thin. From Lemma [5.11| we can suppose that there is ml G A4(L(m)) such 
that there are i S /, a £ C* satisfying Ui^ a (m!) = 2 and such that all to" satisfying 
v(m"m~ 1 ) < v{m'm~ l ) is thin. In particular from Proposition [3J~4] : 

to' is ({1, • • • , i — 2} U {i} U {i + 2, . . . , n})-dominant, 

(uj_i i6 (m') < => b = aq), 

(u i+ i jb (m') < => b = aq). 
(Otherwise we could construct m" G AA(L(m)) not thin such that v(m"m~ 1 ) < 
v(m'm~ 1 )). We can apply Lemma 15.171 for Q{\ t ... t i-i\ of type A^i and then for 
Q{i + i „} of type We get a monomial M G M(L(m)), and by construction 

M is / — {z}-dominant, 

U n , aq ii-*{ M ) > 1 witn 3l < h 
U 3l,aq-ii ( M ) > 1 with 3l < 32, * < J2- 

Moreover as u iia (m') = 2, by construction M is dominant. From property {2r) we 
have m — M. In particular there are r < r' such that (i r ,l r ) = (Ji,ji — i) and 
(ir'Jr') = O2, i—h)- We have 

l r > ~ l r — 2i — j 2 — ji = i r + V + 2(i — j 2 ) — 2ji < i r + i r >. 
But we have 

/ y ' 1 1~ — ( ^ r ' ^t' — l) ' ' ' f ^7"-f- 1 ^ r ) 

> v + 2(v_i + • • • + i r +i) + i r > V + i r , 

contradiction. So (3r) is satisfied. 

Finally we prove : ((l#_i) and (2^_i) and (3#_i)) implies (1_r). 
We prove (1.r) by induction on v{mlm~ r ) > 0. For v(m'm~ 1 ) = we have ml = to 
and the result is clear. In general consider a monomial ml < m such that for 
to" satisfying v{m"m^ 1 ) < v(m'm^ 1 ), the property (Ir) is satisfied. We sup- 
pose that moreover the the property is not satisfied for to', that is to say that 
v iaaq i R -i(m l m^ 1 ) > 1 and v iR aq i R +i(m'm~ l ) = 0. It follows from Proposition 
13.141 and the induction hypothesis on v that ml is (/ — {iij})-dominant (otherwise 
we could construct ml' such that v(m!' mT 1 ) < v(m' m~ l ) and the property is not 
satisfied for to"). 

If m! is not dominant, ml is not i^-dominant and so it follows from Proposition 
13.141 that there is to" G A4(L(m)) z^-dominant such that to" > ml and ml is a 
monomial of Li r (m"). Moreover there is b G C* such that ml < ml Ai R j> < to", 
and m'Ai R b is a monomial of Li R (m") and so in M(L(m)). By the induction 
hypothesis on v, ml Ai R ^ satisfied the property (1_r), and so we have b = ag'" _1 . 
So v i R ,aq l R-A m " m ~ l ) = v i R ,aq l R+ 1 ( m " m ~ 1 ) = °- In particular u iRaq i R {m") > 
u i R , aq 'R( m ) > 1- % LemmaEIFl we have to' G A4(L(y ifli09 i fl ))M(L(myr^ g!fl )). 
But by Theorem 13.131 the monomials of M.(L(Y iR aq i R )) not equal to Y iR aq i R are 
lower than K- nn i R A~ 1 Lo+1 . So we have to' G K- nn i R MiLimYr 1 ,)). By 

i R ,aq R i R ,aq^R + 1 *R,a<<l n ^ v i R ,aq L R ;; J 

the properties (2^_i) and (3^_i), L{mYr 1 a ^ lR ) is special and thin. In particular 

u i R aq l R~ 2 ( m ") — 1; an< i so hy Proposition 13. 8[ ml is not a monomial of Li R (m"), 
contradiction. So ml is dominant. 
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As L(mY. 1 , ) is special, the monomial m'Y. 1 , is not dominant. So 

v lB,aq L R ; * ln,aq L R 

u o,b(m'Y-^ aqlR ) < (j = i R and b = aq l «). 

So we can use Lemma [5.161 for the thin module L(m'Y , ). Let a, as in the 

proof of Lemma [5.161 Let j = i R + ft — a and b = aq lli ~ a ~P~ 2 . By construction 
of m from m! in the proof of Lemma l5.16i we have Ujj,(mY~ 1 lR ) > 1 and ml £ 

toY^-M Moreover there is i?' < i? such that j = i^/ and l R ~ a~ 0— 2 = l R i. 

We have 

a + + 2 = ^ - l R > >i R + 2z_r_i H h 2i w+1 + i R > 

> 2{i R + --- + i R , +1 ) + 0-a. 

So i R + ■ ■ ■ + i R '+i < a + 1 and (i R - a) + i R -\ + ■ • • + i R '+i < 1- As i R — a > 1, 
we have i R -i + • • ■ + i R >+i = 0, R' = R — 1 and i R ~ a = 1. 

By construction, we have to'to -1 6 ZL^^J^^+^rgz- So from Lemma [5.91 we 
can suppose that i R + = n. 
We have i/j = rt + 1 — As 

w(m(rn')~ ) = («! + h a n ) + (a 2 + h a„_i) 

+ 1" ip-iR-i H 1" 

= ai + a n + 2(c*2 + an_2) + h i«-i(o!t R _i + an+i-*R_i) 

+ ifl-lCttiB-j+l H 1- "n-i R _i)) 

the monomial m'fmf" 1 ag ; Ji _ 1 ) _1 is the lowest monomial of M(Vi R _ 1 (aq lR - 1 )) 

(the weight of the lowest weight of fundamental representations has been computed 
in [FMl Lemma 6.8]). 
Let us prove that 

(3) M{L(m)) r\m'Z[A iR ^]dec* C {m',m'A iR aq i R -i}. 

Let to" € (.M(X(m)) (~l m'Z[Ai Rj d]d,ec*) different from to'. In particular to > 
to" > to'. By construction of to' from to, as i?' = R — 1, we have for k ^ ijj—i, 
u fc Q(J i fc +i (to'to -1 ) = 0. So by Theorem 13. 131 (for fundamental representations, that 
is to say the particular case proved in |FMj ). to', to" e toF -1 iR _ 1 A^V^^ag'"- 1 )). 

As to'(toY. _1 jj^jh-i) -1 * s the lowest monomial of A4(K' R _i (aq 111 ^ 1 )), Lemma IB~7l 
gives : 

As by hypothesis i>j B -i (to'(to") _1 ) = i;j R _|_i(m'(m") _1 ) = 0, we get : 

m'^mY' 1 , )~ 1 =to'A- ^^(mY -1 , 
Let us prove that 

(4) to" e (M(L(to)) nm'Z^JrfgcO - {m'A^.b} ^(m'^m 7 ) -1 ) > 0. 
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Consider a monomial m" satisfying the left property of ((4]) . By Lemma 15.81 for 
k ^ R — 1 we have v ik aq i h +i(m'm ) — 0. So 

m"em(r-i iWR _ l X(^ R _ 1 (a (? '«- 1 )))( J] II ("?'*))■ 

{fe|i )! =i R } {fc|i fc= i R } 

Let us write this decomposition 

{fe|i fc =i R } {fc|ife=in} 

(If ir-i = ?fl we put (m")n-i only one time). Let k ^ R — 1 satisfying = 
Observe that for Ri < i?2, we have Ir 2 — Ir x > Ir x + ir 2 > 2. So by Lemma 

El ^ ii + l,a 9 i fc + 2 ( m ' m_1 ) = ^-W^O'"^ 1 ) = °- So ( m ")fe = ^s.og'* ° r 

(m'% = Y i R , aq ^ A i^ aq i k +i- A s a consequence, (m") fl _i = or (m")fi-i = 

ln ^ t „ n „'R-i (LemmaEU). So 

iR,aq -R l Ri a( l n y ' » 

Ui B (m"(m') _1 ) = Ui J j((m")fl-i^ fl , ag !R)+ ^ u ^(( m ")fe y i~^g<J 

{fc#fl-i| lfc =i R } 

>^((m") fl -iF iRia(?!R ) >-l. 

If Vi R (m" (m')~ ) = — 1, then for all fc satisfying = i# we have (m")k — Y iR aq i k 
and (m")fl-i = Yr^ aqlR A iR<aq i R -i. So m" = m! A iRaq i R _ x and we can conclude 
the proof of (H}. 

Now to prove it suffices to prove that the conditions of Theorem 15.11 with i = ir 
are satisfied for to'. 

Condition (i) of Theorem 1 5. II : 
the unicity follows from the statement ^ above. For the existence, it suffices to 
prove that M — m'A iR aq i R -i is in M(L{m)). By Lemma I5~B1 there is j E I, 
M' e M(L(m)) j-dominant such that M' > m' and M' G m'Z[A jia ] ae c* ■ By the 
induction hypothesis on v we have j = ir, and so by unicity M' = M . 

Condition (ii) of Theorem 15. II : 
we have by Lemma 15.41 

reZ ro'emZ[A±j] dec , 

and so the result follows from the statement Q above. 

Condition (iii) of Theorem 1 5. II : 
by Lemma E3 we have M G M(L(Y iR>aq i R ))M(L{mY~ R \ 1r )). But by Theo- 
rem [3J2] the monomials of M(L(Y iR aq i R )) not equal to Y iR i R are lower than 
y W«AwH+i- So we have M e Y^^MiLimY-^J). By (3 R _i), the 
module L{mY7 l aqlR ) is thin and so u iR aq i R -?{M) < 1. Moreover by the induction 

hypothesis on v, v lR aq i R -i{Mm~ r ) = v iR>aq i R +x{Mm- 1 ) = 0. So u lR aq i R {M) > 1. 
So by Proposition ^. 81 to' is not a monomial of M.{Li R [M)). 

Condition (iv) of Theorem 15. II : 
the result follows from the statement ([4]) above. 

Condition (v) of Theorem 15.11 : 
clear by the induction hypothesis on v. 

□ 
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The case of standard modules M(X^) can be studied in the same way by 
replacing ihy i = n — i + 1. 

We can conclude the proof of Proposition 16.41 with Proposition 16.21 Proposition 
16.31 and the following counter examples : 

Lemma 6.8. We suppose that n > 3. Let k > 3, a £ C* and 1 < i < n. Then 

M ( X kl) is n0t SmalL 

Proof: Consider m' = X^ a A~7* „ k+2 < xjp a . Then ml is dominant. As Q{ i _ l i i+1 j 
is of type sU, by using Lemma H31 we can check as in remark 1431 that L(m') is not 
special, and so M(xj^) is not small. □ 

6.4. End of the proof of Theorem ll.2l In general for g not of type A, i extremal 
does not imply that M{Xu ) is small. For example : 

Remark 6.9. Let g be of type D4 and m — Y\^Y\^>Y2,\- By using the process 
described in remark \3.16\, the following monomials occur in \ q (L(m)) : i3i52i ; 
lil 3 l 5 2 2 _1 3i4i, lil3l 5 2233~ 1 4 3 ~ 1 ; Uljl^T 1 , I1I3. 5"o L(m) is not special. As 
>'i, r >'i ..,••>'->•: = X^All e M{M{X { H 2 )), M[X^ q2 ) is not small. 
Let us end the proof of Theorem 11.21 : 

The case k = 1 follows from Lemma [6.21 The case k = 2 follows from Lemma 
16.31 In the rest of the proof we suppose that k > 3. 

Suppose that i is not extremal. There are j =fi j' such that Ci_j = Ci.y = — 1. 
Consider m' = X^A^j _ 2k+2 < X<g\. Then ml is dominant. Let J = {i,j,j'}. gj 
is of type A3 and so by using Lemma H31 we can check as in remark [431 that L(m') 
is not special. 

Suppose that i is extremal. Let ii be the unique element of / satisfying Ci_i 2 = — 1. 
Let £3, • • ■ , idi such that for 2 < r < di — 1, Ci r ^ T+1 = —1 and is special. 
Let i di+ i i di+2 such that C ld .A d . +1 = C ld .A d . +2 = -1 and id ( -i, idt+i, are 
distinct. 

For illustration an example is given on the following picture : 

i h is ld i ld i+ 1 



... p 

o u.. 



Supp ose that k > di + 2. Let m! = * g2 _ fc = Y l2 a ^-hX^l x aq . By remark 

m'^m'M: 1 3 k AT 1 4 k ■ ■ ■ A7 1 d ., 2 _ k ) 

But 

V" > ~ ^ L k-l,aq\ n -i 2 ,aq 3 - k /± i 2 ,aq 2d * + 1 - k > 

^i,aq 3 ~ k ^i,aq^~ k ' ' ' Yi,aq k ~ 1 ^i,aq 2d i^~ 1 ~ k 5 

and 3 — k < 2d; + 1 — A; < fc — 3. So Tn"A~ a 3ii+3 _ k is dominant and occurs in 
Xq(L(m")). So L(m") is not special and M{X^\) is not small. 
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Suppose that k < di + 1 and there there is a dominant monomial ml < X^. . By 
Lemma [6.1[ (vj (m'm^ 1 ) / =!> j £ {ii,--- ,idi})- So from Lemma [5.91 we can 
work with 2{ii,- - ,i d .} °f type A^. So it follows from Proposition 16.41 that M(X^ a ) 
is small. □ 

6.5. General simply laced quantum afflnizations. The notion of quantum 
affinization can be extended beyond quantum affine algebras : the quantum affiniza- 
tion U q {o) of a quantum Kac-Moody algebra U q (g) is defined with the same gener- 
ators and relations as the Drinfeld realization of quantum affine algebras, but by 
using the generalized symmetrizable Cartan matrix of g instead of a Cartan matrix 
of finite type. The quantum affine algebra, quantum affinizations of usual quantum 
groups, are the simplest examples have the particular property of being also quan- 
tum Kac-Moody algebras. The quantum affinization of a quantum affine algebra 
is called a quantum toroidal algebra (or double affine quantum algebra). It is not 
a quantum Kac-Moody algebra, but is also of particular interest, in particular in 
relation to double affine Hecke algebras (Cherednik algebras). 

In [Ml IN31 IHe2| , the category O of integrable representations is studied. One 
can define for general quantum affinizations analogs of Kirillov-Rcshctikhin modules 
(these representations are not finite dimensional in general). We can also define the 
notion of small modules by using the characterization in Theorem 14.81 

The statement of Theorem 11.21 is satisfied for all simply-laced quantum affiniza- 
tions, by using exactly the same proof, except that in the end of the proof of 
Theorem 11.21 (subsection 16. 4p . for J = Qj may be of type A3 or of type 

A^ (in the second case we have C%j = Ci^i = Gj.y = — I). In this case and we 
can check as in the following remark that for m' as in subsection 16. 4[ L(m') is not 
small. 

Remark 6.10. Let g be of A 2 X \ consider m — Yi.\^2.q^2.q i > m ' — m ^2q = 
Yi, q Yo^ q Y 2tq i . Then by using the process described in remark \3.1b\ the monomials 

Y 2 , q iY lyq 2Y Qyq 2 = m'A^A^A^, 
occur in Xq{L{m')) and L(m') is not special. So M(m) is not small. 
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